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Complete positivity is a ubiquitous assumption in the study of quantum systems interacting with
the environment. It will be shown that Hamiltonian evolution of a quantum system and its environ-
ment can be negative (i.e. not completely positive) in the energy basis, by showing that such evolution
is almost always negative for given initial conditions. As such, ignoring or “correcting” experimental
data that is not completely positive may cause the loss of important information regarding system-
environment correlations and coupling. Complete positivity assumptions are an important part of
many quantum information theories, and it is important to understand how (and why) it appears to
be possible to violate the complete positivity requirement in the examples presented here. A relation-
ship between the negativity of an evolution and the eigenvalues of the Hamiltonian will be shown,
and experimental verification of negative reduced dynamics will be proposed.
I. INTRODUCTION
Complete positivity has become an ingrained part of
the modern study of open quantum systems. Quan-
tum information channels are usually defined as “com-
pletely positive (CP), trace preserving maps” on quan-
tum states [1]. Discussions of CP [2] requirements
and violations have appeared in the literature for two
decades [3–8] (and references therein), yet most mod-
ern open systems and quantum information textbooks
state CP as a requirement for the evolution of a quantum
system with little or no theoretical justification [1, 9–11].
This issue has become more prevalent as non-CP exper-
imental evidence continues to appear in the literature
[12, 13]. Tomographic characterization of qubit channels
are common quantum information experiments, and it
will be shown below that tomography is closely tied to
the concept of complete positivity. It is possible to write
down reduced dynamics that appear to violate the CP
requirement yet still seem to have straightforward ex-
perimental interpretations. If theoretical descriptions of
experiments can be provided that violate the CP require-
ment, then it is important to understand if those theoret-
ical descriptions are not physical for some reason, or if
the CP assumption is not valid for all reduceddynamics.
The CP requirement may limit, a priori, the theoretical
evolutions of a quantum system without empirical jus-
tification.
Many authors have argued that the reduceddynamics
of quantum systems need not be CP (see the references
listed above). It will be shown here that evolution of a
composite quantum system governed by any Hamilto-
nian is only CP under certain, very specific conditions.
A previous non-CP example exists in the literature [14],
but it will shown here that, given certain initial condi-
tions, any Hamiltonian will almost always lead to nega-
tive dynamics in a given basis.
A non-CP quantum evolution is called “negative”. A
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composite quantum system is a quantum system under
the control of the experimenter (called the “reduced sys-
tem”) along with the other quantum systems inaccessi-
ble to the experimenter that may still influence the dy-
namics of the reduced system (called the ”bath”, ”envi-
ronment”, ”reservoir”, etc). It will be shown that a mea-
surement of the negativity (defined below) can give an
experimenter some understanding of the coupling and
correlations between the reduced system and bath.
II. REDUCED DYNAMICS
A quantum channel is a map that takes density ma-
trices to density matrices, i.e. ε(ρ) = ρ(t), where ρ is the
state of the system of interest at time t = 0 and ρ(t) is the
state of that system at some later time t. This evolution
is called the “reduced dynamics” in the open systems
literature. A quantum channel is defined as
ε(ρ) = TrB
(
Uρ♯U †
)
, (1)
where ρ is the initial state of the reduced system, U is
the unitary evolution of the composite system, and ♯ is
called the “assignment map” (or “sharp operator”). The
state ρ “resides” in the Hilbert space accessible to the
experimenter in the lab,HS , and the evolution of the re-
duced system is found by “tracing out” the bath from
the joint evolution of the reduced system and the bath
[9]; i.e. U is associated with the composite Hilbert space
HSB = HS ⊗ HB where HB is the Hilbert space of the
bath. All Hilbert spaces in this work are assumed to
be finite dimensional. The partial trace operation, TrB ,
is an operator that allows expectation values of observ-
ables in the reduced system to be consistent with trivial
extensions into a higher dimensional Hilbert space [15].
Assignment maps were originally introduced by
Pechukas in [3, 5] and were studied further in [16]. The
assignment map is an operation that injects the initial
state of the reduced system into the higher dimensional
Hilbert space of the composite system (i.e. ρ♯ “resides”
in HSB). Channels are characterized in the lab through
2tomography, hence ε needs to be linear, which implies
the ♯ operator is also linear. The channel should take
valid quantum states to valid quantum states, hence ε
needs to be positive (on some domain of states) and
hermiticity-preserving. Ergo, ♯ should be positive (on
some domain of states) and hermiticity-preserving. Fi-
nally, ♯ needs to be consistent, i.e. TrB
(
ρ♯
)
= ρ. A di-
agram showing the schematic behaviour of the assign-
ment map and the partial trace is shown in Fig. 1.
FIG. 1. This is an open circuit diagram for the channel de-
scribed by Eqn. 1. The ♭ operator is defined as the partial trace
with respect to the bath, i.e. ρ♭ ≡ TrB(ρ), and it is simply a
convenient, space saving notation.
The sharp operator describes a preparation procedure
(as will be shown later), but the exact physical interpre-
tation of the sharp operator is not clear. Several different
composite states can give rise to the same reduced state
(e.g. if the state of the composite system is a maximally
entangled pair, then the state of the reduced system will
always be the completely mixed state independent of
the specific maximally entangled state of the composite
system). The sharp operator simply gives one possible
composite state for each reduced state. It is well defined
mathematically because of the mathematical restrictions
desired for the channel ε. It was shown by Pechukas [5]
that the only assignment map that is consistent, linear,
and positive on all states is ρ♯ = ρ ⊗ τ where τ is some
constant state of the bath. This assignment map always
lead to CP dynamics. As such, one of his assumptions
needs to be relaxed to find negative channels. Most au-
thors choose to give up the assumption of positivity on
all reduced system states [16]. Unfortunately, the con-
cept of positivity domains seems “unnatural” to many
physicists. This topic will be addressed in more detail
at the end of this paper. For now, it suffices to point
out that sharp operators with positivity domains are the
only tools available to investigate negative channels un-
less one is willing to give up linearity or consistency.
III. COMPLETE POSITIVITY
A positive map ε is CP if ε ⊗ In ≥ 0 ∀n (where In is
the n dimensional identity operator). There are two tests
to check if a given map is CP: If ε is CP, then is has an
“operator sum representation”, i.e.
ε⊗ In ≥ 0 ∀n⇔ ε (ρ) =
∑
i
AiρA
†
i , (2)
where Ai is an operator on the reduced system obeying
certain requirements [9]. The second test employs a spe-
cially constructed matrix as follows
ε⊗ In ≥ 0 ∀n⇔ C =
∑
ij
Eij ⊗ ε (Eij) ≥ 0 , (3)
where Eij is a matrix with the same dimensions as the
reduced system that has a 1 at the ijth position and 0 ev-
erywhere else. ThematrixC is commonly called “Choi’s
matrix” [17]. These two tests are closely related [9], but
the second test leads directly to the definition of nega-
tivity for a channel.
The negativity is defined as
η ≡
∑
i |λi|∑
j |λj |
=
1
2
(
1− Tr (C)||C||1
)
, (4)
where λ is an eigenvalue ofC, λi < 0 ∀i, and ||C||1 is the
trace norm of C. Notice,
∑
j |λj | = Tr (C) if and only if
the negativity is zero. From the definition, it is clear that
0 ≤ η < 12 and
ε⊗ In ≥ 0 ∀n⇔ η = 0 , (5)
i.e. a vanishing negativity implies CP.
Suppose the system of interest is a single qubit (i.e.
a two-level quantum system). In the single qubit case,
Choi’s matrix takes a simple block form, i.e.
C =
(
ε (|0〉〈0|) ε (|0〉〈1|)
ε (|1〉〈0|) ε (|1〉〈1|)
)
. (6)
The assumed linearity of the channel allows the off-
diagonal blocks to be found using single qubit process
tomography [1]; hence, there is a connection between
C and the tomographic characterization of a channel.
Eqn. 6 allows for quick determination of the negativity
of channel. For example, suppose a channel takes every
input state to the completely mixed stated. From Eqn.
6 it can be seen that this channel will have a negativity
η = 0.
It should be recognized that the mathematical defini-
tion of CP can have a clear physical interpretation. Sup-
pose ρ is the initial state of some finite dimensional bi-
partite system associated to the Hilbert space HSB =
HS ⊗ HB . Consider the Choi representation of a single
qubit channel ε with a single qubit bath written as
C =
1∑
i,j=0
|i〉〈j| ⊗ ε (|i〉〈j|) = I ⊗ ε

 1∑
i,j=0
|ii〉〈jj|

 , (7)
where I is the single qubit identity operator. This form
of Choi’s matrix has led to the interpretation of Choi’s
3matrix as a map ε acting on one part of an (unnormal-
ized) maximally entangled pair. Define a state in the
composite space as
ρ′ = I ⊗ ε (ρ) . (8)
It follows that
ρ = N
1∑
i,j=0
|ii〉〈jj| → ρ′ = NC , (9)
where N is the appropriate normalization factor. If ρ′
must be a valid quantum state for any ρ, then ρ′ ≥ 0
which implies C ≥ 0. Thus, ε must be CP. This is the
total domain argument for CP (which will be discussed
again below), and it leads to the interpretation of CP as
a requirement due to possible entanglement between bi-
partite subsystems.
IV. EXAMPLES OF NEGATIVE DYNAMICS
Imagine a two qubit universe as seen in Fig. 1.
The channel would be the reduced dynamics of one
of the qubits and would be described by some C.
Given a time independent composite Hamiltonian Hˆ ,
the evolution in the energy basis (i.e. the eigenba-
sis of Hˆ) is described by a diagonal operator U =
diag(e−iν1t, e−iν2t, e−iν3t, e−iν4t) where {νi} is an eigen-
value of Hˆ and, for convenience, everything is in units
of ~ = 1. The composite evolution is
ρ♯ij(t) =
(
Uρ♯U †
)
ij
= e−i(νi−νj)tρ♯ij . (10)
A sharp operator can be written in terms of a canoni-
cal tomographic basis
~τ = {|0〉〈0|, |+〉〈+|, |+i〉〈+i|, |1〉〈1|} (11)
where |+〉 = 2−1/2(|0〉+ |1〉) and |+i〉 = 2−1/2(|0〉+ i|1〉),
as
τ ♯i = τi ⊗ τi . (12)
The composite dynamics would then be described for
the ~τ basis with ρ = {~τ}i ≡ τi for i = 1, 2, 3, 4. This
sharp operator, along with the composite evolution U ,
would yield a channel described by
C =


1 0 0 z
0 0 0 0
0 0 0 0
z∗ 0 0 1

 , (13)
with z = (1/2)(e−i(ν1−ν3)t + e−i(ν2−ν4)t). This situation
leads to zz∗ = cos2(fνt/2), where fν = ν1 − ν2 − ν3 + ν4
is a function of the Hamiltonian eigenvalues, and this
result, in turn, implies the only two non-zero eigenval-
ues ofC, i.e. 1−√zz∗ and 1+√zz∗, are always positive
and bounded ∈ [0, 2]. Hence, C always has a negativity
η = 0. This sharp operator always leads to CP dynamics
in the energy basis for any Hˆ .
It might be argued that the CP dynamics are a conse-
quence of assigning the initial reduced state ρ to a com-
posite state with no entanglement (e.g. the concurrence
C yields C(ρ♯) = 0 ∀ρ)[18]. This conjecture, however, can
be proven false by counter example: The sharp operator
τ ♯i = τi ⊗ (HτiH†) , (14)
whereH is the Hadamaard operator [1], also has no en-
tanglement, yet it leads to
C
′ =


1 0 0 m
0 0 n 0
0 n∗ 0 0
m∗ 0 0 1

 , (15)
where m = (1/4)(3e−i(ν1−ν3)t + e−i(ν2−ν4)t) and n =
(1/4)(e−i(ν3−ν1)t − e−i(ν4−ν2)t). The four eigenvalues of
C
′ are
1−
√
mm∗ = 1−
√
1
8
(5 + 3 cos (fνt)) , (16)
1 +
√
mm∗ = 1 +
√
1
8
(5 + 3 cos (fνt)) , (17)
−
√
nn∗ = − sin (fνt/2)
2
, and (18)
√
nn∗ =
sin (fνt/2)
2
. (19)
Hence C′ will have η > 0 unless fνt = 2nπ where n
is some integer. Notice fν is a function of Hˆ alone. Hˆ
determines the negativity of this channel independent
of the lack of entanglement in the initial composite state.
Our two qubit universe might be represented by a
simple Hamiltonian, e.g.
Hˆ =
σ3
2
⊗ σ0 + σ0 ⊗ σ3
2
+ kσ3 ⊗ σ3 , (20)
where {σ0, σ1, σ2, σ3} are the standard Pauli operators
and k is some coupling constant. This Hamiltonian
leads to fν = 4k, which implies η = 0 only when
kt = nπ/2 for the channel described by C′. Fig. 2 shows
the negativity of this channel as a function of time and
the coupling constant.
Eqn. 20 has no special properties that make it a “neg-
ative Hamiltonian”. For example, Hˆ ′ = Hˆ + k′σ1 ⊗ σ1
yields fν = 2(−k′ +
√
1 + k′2), which implies η = 0 ⇒
k′ = (−n2π2 + t2)/(2nπt). These Hamiltonians guaran-
tee neither η = 0 or η > 0. The negativity of the channel
is a function of both the initial composite state and the
composite Hamiltonian. Given ♯ defined by Eqn. 14, any
Hamiltonian almost always leads to a negative channel
in the energy basis. Such a channel would only be com-
pletely positive, as pointed out above, if fνt = 2nπ.
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FIG. 2. Plot of the negativity of the channel defined by Eqn. 20
and Eqn. 14 as a function of time t and the system-bath cou-
pling k.
V. DISCORD OF INITIAL COMPOSITE STATE
It was recently shown that zero discord initial states
always lead to CP reduced dynamics [7, 14, 19], and
these results might appear to suggest that Eqn. 12 al-
ways describes a zero discord composite state (since it
leads to CP reduced dynamics in the example) and that
Eqn. 14 never describes a zero discord composite state
(since it leads to negative reduced dynamics in the ex-
ample).
The known results about guaranteed CP reduced dy-
namics are as follows:
• Regardless of initial correlations (i.e. for any ini-
tial composite state), local unitary composite evo-
lution always leads to completely positive reduced
dynamics [20].
• Regardless of coupling (i.e. for any composite
system evolution), zero discord initial composite
states always lead to completely positive reduced
dynamics [19].
None of the composite dynamics used in this paper
are of the local unitary form, so the zero discord result
seems like the result that might be applicable. Notice,
however, that Eqn. 12 acting on the canonical tomogra-
phy vector can lead to reduced dynamics with a nega-
tivity of ≈ 0.23 if the composite dynamics are described
by a controlled NOT gate (i.e. CX [1]). Similarly, Eqn.
14 acting on the canonical tomography vector can lead
to CP reduced dynamics given composite dynamics de-
scribed by CX. So, neither example sharp operation
leads to CP dynamics independently of the composite
dynamics. The negativity in the previous examples is a
function of both the correlation and coupling in the sys-
tem and can not be directly related to the discord in the
initial composite state.
At this point in the discussion, a quick note should
be made about the zero discord result. A state with only
classical correlations between the subsystems ofHX and
HY can be written in the form [14]
ρXY =
∑
i
(
ΠXi ⊗ I
)
ρXY
(
ΠXi ⊗ I
)
,
where ΠX is a projector in the Hilbert space HX . This
result implies that a zero discord initial composite state
would be in the form [14](
ρS
)♯
=
∑
i
(
ΠSi ⊗ I
)
ρSB
(
ΠSi ⊗ I
)
=
∑
i
λiΠ
S
i ⊗ ρBi ,
with λi ≥ 0 ∀i,
∑
i λi = 1, Π
S
i = |si〉〈si| where {|si〉}
is an orthonormal basis of HS , and ρBi is a valid density
operator in HB . This initial composite state leads to an
initial reduced state of
ρS = TrB
((
ρS
)♯)
(21)
= TrB
(∑
i
λiΠ
S
i ⊗ ρBi
)
(22)
=
∑
i
λiΠ
S
i . (23)
The discord of a quantum state is basis dependent in
the sense that it depends on the specific projectors ΠSi .
The reduced dynamics are always CP for any compos-
ite dynamics if the reduced system can be written in the
form of Eqn. 23; i.e. the CP of the reduced dynamics in
this proof require that the reduced state system be a con-
vex sum of a given complete set of projectors {Πi}. In
particular, this limitation means that the zero discord re-
sult is not very useful for channels defined on a tomog-
raphy basis.
To see this point, notice that a tomography basis ~τ ♯
might consist of composite states that have zero discord
with respect to different projectors, but the reduced dy-
namics associated to ~τ ♯ will only be completely posi-
tive if every reduced state in ~τ could be written in the
zero discord form of Eqn. 23 with respect to the same
set of projectors {Πi}. However, if every reduced state
in ~τ could be written in this way, then ~τ would not be
a tomography basis. For example, consider the states of
the canonical qubit tomography vector. Neither |+〉〈+|
nor |+i〉〈+i| can be written in a zero discord form us-
ing {|0〉〈0|, |1〉〈1|}, and similar troubles arise trying to
use {|+〉〈+|, |−〉〈−|} or {|+i〉〈+i|, |−i〉〈−i|} as the pro-
jector sets for a zero discord form of the states in ~τ .
The Choi representation of the reduced dynamics is the
“workhorse” representation in calculating the negativ-
ity, and the Choi representation comes from process to-
mography. As such, the zero discord result does not give
much insight into the origin of negativity in process to-
mography experiments.
5VI. PHYSICAL SHARP OPERATIONS
The above examples of negative channels depend on
both the composite dynamics and the sharp operation.
The composite dynamics all are familiar, and, as such,
they require very little physical motivation. The sharp
operator, however, is not so familiar. An important
question is whether or not the sharp operator of Eqn.
14 physically reasonable.
Suppose the composite system is initially in the state
|Ψ〉 = N(|00〉 + |01〉 + |10〉 − |11〉) where N is the ap-
propriate normalization factor. This state, for example,
might be the equilibrium state of our example universe.
Now suppose preparation of the reduced system is done
with a perfect measurement procedure, i.e. to prepare
the reduced system state as |0〉, the experimenter applies
a projective measurement
(|0〉〈0| ⊗ I) |Ψ〉 = |0+〉 = (I ⊗H) |00〉 . (24)
Similarly, measurement-preparation of the other three
tomographic basis states yield initial composite states of
(I ⊗H) |11〉, (I ⊗H) |++〉, and (I ⊗H) |+i+i〉. Hence,
the ♯ operation from Eqn. 14 can be thought of as
a measurement-preparation procedure on a composite
system that is initially in a superposition state |Ψ〉.
It has recently been shown that preparation of the re-
duced system by a projective measurement on an ini-
tially entangled composite system state leads to nega-
tive reduced dynamics in situations beyond the exam-
ples given here [21]. The physical interpretation of such
sharp operations is that of an ideal preparation of a sys-
tem that is initially entangled with the bath. Such sharp
operations can be produced in the lab through the use
of “controlled bath” type experiments.
The sharp operator is linear and consistent by defini-
tion. However, ♯ is not defined on the space of all possi-
ble composite states. Notice, (|−〉〈−|)♯, where |−〉〈−| =
τ3 + τ4 − τ1, is not a valid state when ♯ is defined by
Eqn. 14; i.e. (|−〉〈−|)♯ < 0. The ♯ operator is positive
on the tomographic basis states ~τ , which are the only re-
duced states ever prepared in the lab, but the fact that it
can lead to non-positive states (e.g. states with negative
occupation probabilities) makes some authors nervous.
Following this line of logic, some authors impose the
requirement of complete positivity as an empirical re-
quirement using what is termed the “total domain argu-
ment” for CP. The total domain argument proceeds as
follows: The density matrix of a reduced system must
be positive by definition, and it is clear that no system is
ever truly isolated in the lab. The densitymatrix describ-
ing the reduced system in contact with a non-interacting
environment must still be positive. If a map is a valid
quantum map, then it must take valid density matrices
to valid density matrices. A trivial extension of the map
is physically reasonable andmust result in a valid quan-
tum map, i.e. the trivial extension of the quantum map
must also take valid density matrices to valid density
matrices. Therefore, the quantum map must be CP.
The total domain argument can be avoided through
the use of positivity domains (which have already been
introduced). Notice that the positivity domain is the do-
main of states in which a map Γwill be positive. On the
positivity domain, Γwill take valid initial states to valid
final states. Such a requirement is identical in spirit to
the total domain argument for the CP requirement, ex-
cept that it is not extended to states which are not actu-
ally created in the lab.
The reduced dynamics are defined by the composite
dynamics, the tomography basis, and the sharp opera-
tion. Notice that if the reduced dynamics have a non-
trivial positivity domain, then that domain will depend
on the tomography basis used to form the Choi repre-
sentation. Each different tomography basis used to form
a Choi representationwill have a different positivity do-
main. Hence, demanding CP reduced dynamics is a de-
mand of reduced dynamics that are independent of the
tomography basis used to write them down.
The positivity requirement of ♯ on the space of all
composite states can be imposed as a “physical” (or
philosophical) requirement, but it is not required math-
ematically.
VII. EXTENDED BATHS
It might be argued that the negativity arises from the
simplicity of the example universe. In general, if the re-
duced system is a qubit, the composite system consists
ofM qubits, and the energy basis evolution is described
by some time independent Hamiltonian Hˆ , then given
an assignment map defined as
~τ ♯ = ~τ ⊗ (H~τH†)⊗ M⊗
i=3
τ3 , (25)
this qubit channel would be described by
C
′′ =


1 0 0 m′
0 0 n′ 0
0 n′∗ 0 0
m′∗ 0 0 1

 , (26)
with m′ = (1/4)(3e−i(ν1−νs)t + e−i(ν1+r−νs+r)t) and n =
(1/4)(e−i(νs−ν1)t − e−i(νs+r−ν1+r)t) with s = (2M/2) + 1
and r = 2M/4. Again, νi is an eigenvalue of Hˆ. C
′′ will
have η > 0 unless f ′νt = 2nπwhere n is some integer and
f ′ν = ν1 − ν1+r − νs + νs+r. This M-qubit channel will
be negative except for very specific values of t and the
Hamiltonian. In the energy basis of the Hˆ , this channel
is almost always negative.
VIII. EXPERIMENTS
Consider, again, an example universe of two qubits.
One qubit will be the reduced system and the other will
6act as the bath. If the composite dynamics are defined as
the root swap gate
U√Sw =
1√
2


√
2 0 0 0
0 1 i 0
0 i 1 0
0 0 0
√
2

 , (27)
then the channel becomes
ε(ρ) = TrB
(
U√Swρ
♯U †√
Sw
)
. (28)
Define the sharp operation as Eqn. 14 on the canonical
tomography vector ~τ (introduced above). Process to-
mography of this channel yields a Choi representation
of
C√Sw =


3
4 − i2√2
1
4
1
2
+ i
2√
2
i
2
√
2
1
4
1
2
− i
2√
2
− 14
1
4
1
2
+ i
2√
2
1
4 − i2√2
1
2
− i
2√
2
− 14 i2√2
3
4

 , (29)
and a channel negativity of η√Sw ≈ 0.149.
The root-swap gate has been accomplished on po-
larization state photonic qubits [22] and those experi-
ments can be modified to experimentally test negativ-
ity calculations. Notice, however, that the experiment
would need to bemodified further than simply skipping
the maximum likelihood reconstruction to calculate the
negativity. The negative channel here is a single qubit
channel, not the two qubit channel that was tomograph-
ically characterized in [22]. But, this experiment can be
modified by adding a Hadamard rotation (to the polar-
ization state) in one of the two arms in the preparation
phase of the set-up. Performing single qubit process to-
mography on one of the two qubits in this experiment
would lead to a superoperator (or Choi) representation
from which the negativity could be measured.
If the composite dynamics are defined as a controlled
phase gate
CZ =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 (30)
then the channel becomes
ε(ρ) = TrB
(
CZρ♯CZ†
)
. (31)
A Choi representation of this channel can be found us-
ing the sharp operator from the previous example; i.e.
CCZ =


1
2
1
2
1
2 − 12 − i2
1
2
1
2 − 12 − i2 − 12
1
2 − 12 + i2 12 12
− 12 + i2 − 12 12 12

 . (32)
The negativity of this channel is ηCZ ≈ 0.167.
Again, the complete experiment would involve the
preparation of the tomography vector and sharp oper-
ation, and then the application of the CZ gate. The de-
sired sharp operation is straightforward to implement
in an optical set-up and can be done in exactly the same
manner as described in the previous subsection: a non-
linear crystal can be used to create an entangled pair
of qubits, one of which is passed through a waveplate
yielding a Hadamard rotation, the other of which is pre-
pared with polarization filters. Encoding the qubit in
the polarization of the photons means all of the desired
operations can be accomplished with well understood
polarization optics.
These experiments provide exactly the desired “con-
trolled bath” situation needed to experimentally study
and verify the theoretical predictions of negativity. The
sharp operation can be changed by interchanging the
Hadamard rotation in the preparation stage of the set-
up with some other rotation. In this way, the theoretical
predications concerning the impact of the sharp opera-
tion can be tested experimentally.
IX. CONCLUSIONS
Negative channels appear to be physically realizable.
The CP requirement on quantum channels imposes re-
strictions on the mathematical representations of chan-
nels, which in turn, might be stifling some of their possi-
ble utility. More importantly, the CP requirement might
be leading experimenters to ignore data that might oth-
erwise give important clues into faulty preparation pro-
cedures or system-bath coupling. For example, Cory et
al. [23] performed process tomography on an NMR sys-
tem and found a channel with η ≈ 0.29. The CP re-
quirement also has physical consequences beyond to-
mographic channel characterization which also seem to
be contradicted by experimental evidence, as pointed
out by other authors [3, 11].
The question of whether or not “physical” reduced
dynamics need to be completely positive is still an open
question. But, it is possible to write down theoreti-
cal descriptions of tomography experiments which lead
to reduced dynamics that appear negative, and tomog-
raphy experiments can be conducted in the lab using
“controlled baths” that similarly yield reduced dynam-
ics that appear negative. Examples of both situations are
given in this article.
A channel with a vanishing negativity is mathemat-
ically convenient. Mathematical convenience, however,
is not a reason to exclude possibly relevant experimental
data. It is important to understand the apparent nega-
tivity of the reduced dynamics presented in this article,
as well as the non-zero negativities that have been mea-
sured in various tomography experiments. The negativ-
ity of the Cory et al. experiment mentioned above has
been investigated to determine if it could be explained
7entirely by statistical errors associated with the tomog-
raphy process [24], and that author determined that sta-
tistical errors could not account for all apparently neg-
ative channels. Notice that statistical error was not dis-
cussed in any of the examples presented in this article.
For example, all of the measurements used the tomogra-
phy processes described above were assumed to be per-
fect. None of the non-zero negativities presented here
can be explained as “experimental” (or “statistical”) er-
ror.
Given the ubiquity of the CP assumption, and its im-
portance in many quantum information theories, it is
important to understand how andwhen the CP assump-
tion is justified. If the CP assumption is always justi-
fied, then the non-zero negativities seen in the exam-
ples above must be an artifact of some “un-physical”
part of the proposed experiments. Notice, however,
that the proposed “controlled bath” experiments allow
the measurement of non-zero negativities in straightfor-
ward process tomography experiments that are already
a common part of quantum information theory. The
sharp operations likewise have straightforward physi-
cal implementations. As such, if these descriptions are
“un-physical”, then that is a subtle point that needs to
be better understood.
I’d like to thank Keye Martin, Marco Lanzagorta,
Johnny Feng, and Tanner Crowder for their help with
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